Abstract. Let A be an (entrywise) nonnegative n×n matrix with spectrum σ and Perron eigenvalue ρ. Guo Wuwen [Linear Algebra and its Applications 266 (1997), pp. 261-267] has shown that if λ is another real eigenvalue of A, then, for all t ≥ 0, replacing ρ, λ in σ by ρ + t, λ − t, respectively, while keeping all other entries of σ unchanged, again yields the spectrum of a nonnegative matrix. He poses the question of whether an analogous result holds in the case of non-real λ. In this paper, it is shown that this question has an affirmative answer. 
We use the notation of Guo's paper [1] . In particular a list σ of n complex numbers is said to be realizable if σ is the spectrum of a nonnegative real n × n matrix. In proving the result, we first show that the theorem holds for all sufficiently small t > 0, and then we use a compactness argument to extend the result to all nonnegative t.
Small perturbation case.
Let A be an n × n nonnegative matrix and let σ = (a, b + ic, b − ic, d 4 , ..., d n ) be the spectrum of A, where a is the Perron eigenvalue, b and c are real, and i = √ −1. We assume that c is not zero. We will show that for all sufficiently small t ≥ 0, the list
is realizable. If A is not (permutation) irreducible, then A is permutationally similar to a block upper-triangular matrix with irreducible diagonal blocks. Let B be a diagonal block having b + ic as an eigenvalue and let s be the Perron eigenvalue of B. If the result holds for B, then we can modify the list σ by replacing s by s + 2t and
respectively, and obtain a realizable list for all sufficiently small t ≥ 0. But then, by the result of Guo [1] , referred to in the abstract, if s is different from a, we can now replace a by a + 2t and s + 2t by s and still get a realizable list. Hence we can assume that A = B is irreducible. Performing a diagonal
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Thomas J. Laffey similarity on A, we can assume that Ae = ae, where e is the vector (1,1,...,1)
T of all ones. Let
be real vectors such that u + iv is an eigenvector of A corresponding to the eigenvalue b + ic. Since c is not zero,e, u, v are linearly independent. Extend e, u, v to a basis e, u, v, w 4 , ..., w n of the space of real column n-tuples and let T be the n × n matrix (e, u, v, w 4 , ..., w n ).
Observe that AT = T C where C is the 2×2 block matrix
and C 11 is the 3
Since the vector e has all its components equal, we can assume, without loss of generality, that
). Let N be the n × n matrix with first column e − u 0 u − v 0 v + yu 0 v − yv 0 u, where y is a real variable, and with all its other columns equal to 0. Because of (2.1) and the Cauchy-Schwarz inequality, N is nonnegative for all sufficiently small y. Also, N has trace zero and rank one. Observe that N T = T D where D is a block matrix of the form
compatibly blocked with C above. Here D 11 is the 3×3 matrix 
Now, for every sufficiently small value of y and for every nonnegative number z, A + zN is a nonnegative matrix whose characteristic polynomial is that of A with the factor
replaced by det(xI − (C 11 + zD 11 )). By direct calculation, f (x) := det(xI − (C 11 + zD 11 )))
Observe that
ensures that the coefficients of x in f(x) and g(x) are equal and then putting
. Since a is the Perron eigenvalue of A, a − b > 0, so z > 0 for all small t > 0. The denominator of y is bounded away from zero for small t, while the numerator is small for all small t. Since N is nonnegative for all sufficiently small y, it follows that for all sufficiently small t ≥ 0, defining z and y by equations (2.2) and (2.3), respectively, the corresponding matrix A + zN is nonnegative and has the desired spectrum.
Global case. Suppose that σ=
is realizable with a as Perron eigenvalue, but that for some m > 0,
Note that Z is nonempty and that it is bounded above by m, so it has a supremum, z, say. Also, z > 0, by the result of Section 2. Let {z k : k = 1, 2, ...} be a strictly increasing sequence of positive real numbers with limit z. Let A k be a nonnegative matrix having the spectrum 
